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Abstract
Two non-discrete Hausdorff group topologies τ1, τ2 on a group G are called transversal if the least upper bound τ1 ∨ τ2 of τ1
and τ2 is the discrete topology. We give a complete description of the transversable locally compact groups in the case they are
connected (earlier, the authors gave such a description in the abelian case). In particular, a connected Lie group is transversable if
and only if its center is not compact.
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1. Introduction
Two non-discrete topologies τ1 and τ2 on a set X are called transversal (denoted by τ1τ2) if their union generates
the discrete topology on X. The concept of transversal topologies was introduced in [27] and then studied in [19,13] in
the general topological setting. In fact, transversality is a “half” of the stronger concept of complementarity introduced
by Birkhoff [4] for lattices. In the case of the lattice T (X) of all topologies on a set X, two topologies on a set X
are said to be complementary if their supremum is the discrete topology and their infimum is the indiscrete topology.
The fact that the lattice T (X) is complemented, for every set X, was established independently by Steiner [21] and
van Rooij [18].
The study of transversal topological group topologies on abelian groups was initiated in [29] and [7] (Zelenyuk
and Protasov used the term complemented for transversal topologies, which might be misleading since, after Birkhoff,
the word “complemented” is used for a distinct concept in the articles [1–3,20–24,18], just to mention a few). Theo-
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D. Dikranjan et al. / Topology and its Applications 153 (2006) 3338–3354 3339rem 2.10 of [29] gives a characterization of the abelian topological groups that admit a transversal group topology. It
states that an abelian topological group G has a transversal group topology if and only if there exists an open neigh-
borhood U of the neutral element 0 in G such that either the subgroup G[p] = {x ∈ G: px = 0} of G is U -big for
some prime p or the subgroup nG = {nx: x ∈ G} is U -big for each positive integer n. (A subset H of G is called
U -big if H cannot be covered by finitely many translates of U .) It is also shown in [29] that every infinite abelian
group admits at least 2ω pairwise transversal group topologies.
The locally compact abelian (LCA, for short) groups that admit a transversal group topology were character-
ized in [7, Section 5]. In the case of non-discrete divisible groups these are precisely all non-compact groups by
[7, Corollary 6.3], i.e., precompactness (equivalent to compactness in this case) is shown to be the main obstacle to
transversality. The description in the general case is given in [7, Corollary 5.17].
Here we continue the study of transversal group topologies, mainly in the non-abelian case. In Section 2.1 we relate
the dispersion character of (G, τ) with the index of narrowness of (G,σ ) and vice versa in the case when τ and σ
are transversal group topologies on a group G (see Theorem 2.2). The result is applied to deduce Corollary 3.2: a LC
group which admits a transversal LC group topology is neither connected nor separable. This gives a (partial) answer
to Question 3.3 of [29]. In Section 2.2 we introduce two notions: weak commutativity and weak ω-boundedness,
that generalize respectively commutativity and ω-boundedness. We introduce also appropriate cardinal invariants
measuring the degree of having these properties. In Section 2.3 we study the impact of weak commutativity and weak
ω-boundedness on transversal topologies.
In Section 3 we apply the general results obtained in Section 2.3 to locally compact groups. In particular, we prove
that a locally compact connected group is transversable if and only if its center is either transversable or discrete. As
a corollary we deduce that a connected Lie group is transversable if and only if its center is not compact.
In Section 4 we apply the results from Section 2.3 to matrix groups and minimal groups. We show, in particular, that
the linear groups GLn(R) and GLn(C) are transversable, while SLn(R) and SLn(C) are not. Here we use substantially
a construction of matrix-like minimal locally compact groups introduced by Megrelishvili [14].
In Section 5 we present several results related to free topological groups. In particular, we show in Example 5.2 that
transversal topologies on spaces can differ substantially from transversal group topologies: there exist two transversal
connected Tychonoff topologies on a set X of cardinality c = 2ω which cannot be generated by any embedding of X
to a group with two transversal group topologies. Hence, the passage from a Tychonoff space to the free topological
group on it does not respect transversality. We also construct two isomorphic, transversal, connected metrizable group
topologies on a Boolean group of cardinality c.
1.1. Notation and terminology
We denote by N the sets of positive naturals, by Z the integers, by R the reals, and by T the unit circle group in the
complex plain C. The cardinality of continuum 2ω will be also denoted by c.
Let G be a group and A a subset of G. The fact that H is a subgroup of G is abbreviated to H G. We denote
by e the neutral element of G and by 〈A〉 the subgroup of G generated by A. The group G is divisible if for every
g ∈ G and n ∈ N the equation xn = g has a solution in G. Abelian groups will be written additively.
The topologies we consider are assumed to be T1. Therefore, we deal with Hausdorff topological groups (unless
otherwise is stated explicitly). The class of topological groups that admit a transversal group topology is denoted by
Trans.
A Hausdorff topological group (G, τ) is minimal if τ is a minimal element of the partially ordered (by inclusion)
set of Hausdorff group topologies on the group G [25]. The connected component of the neutral element a topological
group G is denoted by C(G). The center of G is Z(G).
Maximal topologies of a group G are maximal elements of the poset of all non-discrete group topologies on G. An
application of the Zorn lemma easily implies that every non-discrete group topology on G is contained in a maximal
topology (see [15]). The infimumMG of all maximal topologies on G is the submaximal topology of G, introduced
by Prodanov [15] for abelian groups. The reader can find additional information on MG in Sections 3 and 4 of [7],
where the transversality concept was mainly studied through the looking glass of submaximal topologies.
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For an infinite non-discrete Hausdorff topological group G, denote by Δ(G) the minimum cardinality of a non-
empty open subset of G which is called the dispersion character of G. Clearly, Δ(G) coincides with the minimum
cardinality of an open subgroup of G. Therefore, Δ(G) = |G| whenever G is connected or precompact. On the other
hand, we put Δ(G) = 1 if G is discrete. Another important cardinal invariant of topological groups is the index
of narrowness (see [26]). For a topological group G, its index of narrowness in(G) is the minimal infinite cardinal
number λ such that G can be covered by at most λ translates of every neighborhood of the identity. Topological groups
satisfying in(G)  ω are called ω-narrow. For an infinite cardinal λ, we say that a topological group G is λ-totally
bounded if less than λ translates of every neighborhood of the identity cover G (but the number may vary from one
neighborhood to another; this is why the notion “λ-narrow” coincides with that of “λ+-totally-bounded”, but for limit
cardinals λ the notion of “λ-totally-bounded” may be properly stronger than “λ-narrow”, as the case of λ= ω shows).
It is well known that all separable groups and groups of countable cellularity are ω-narrow (see [11], where ω-narrow
groups were called ω-bounded). Clearly, σ -compact groups are also ω-narrow.
Two useful properties of the index of narrowness are given below. Items (a) and (b) of the next assertion follow
from [26, Proposition 3.2(c)] and [28, Proposition 2.2], respectively.
Assertion 2.1.
(a) If G and H are topological groups then in(G×H)= in(G) · in(H).
(b) If N is a closed normal subgroup of G, then in(G) = in(N) · in(G/N).
Notice that item (a) of the above assertion follows from (b).
2.1. Duality principle for transversal topologies
The argument of Proposition 2.4 and Theorem 3.14 in [7] can be easily given in the following more general and
completely symmetric form. The symmetry suggests to call this property “duality principle for transversal topologies”.
Theorem 2.2. Let τ1, τ2 be transversal group topologies on an infinite group G. Then
Δ(G,τ1) in(G, τ2) and Δ(G,τ2) in(G, τ1).
Proof. Let e be the neutral element of G. We are going to establish the following stronger property that obviously
implies Δ(G,τ1) in(G, τ2):
(∃V ∈ τ2)
[
e ∈ V &(∀A⊆G)(A · V =G ⇒ |A|Δ(G,τ1))]. (1)
By the transversality of τ1 and τ2, there exist symmetric open neighborhoods U and V of e in (G, τ1) and (G, τ2),
respectively, such that U2 ∩ V 2 = {e} and U has the size Δ(G,τ1). This means that the translates uV , for u ∈ U , are
pairwise disjoint. Now assume that there exists a subset A of G of size less than |U | such that A · V = G. Then one
can find distinct u,v ∈ U such that, for some a ∈ A, one has u ∈ aV and v ∈ aV . Then e = v−1u ∈ U2 ∩ V 2 = {e}, a
contradiction. This proves (1).
A similar argument shows that Δ(G,τ2) in(G, τ1). 
An obvious modification of the above argument implies the following:
Theorem 2.3. Let τ1, τ2 be transversal group topologies on an infinite group G. If (G, τ1) is λ-totally bounded for
some λ ω, then Δ(G,τ2) < λ.
As an application one obtains a new proof of [7, Theorem 3.14] which states that no precompact topological group
is in Trans (see also item (d) of the corollary below).
Corollary 2.4. Let τ1, τ2 be transversal topologies on an infinite group G. Then:
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(b) Δ(G,τ1) c(G, τ2) and Δ(G,τ2) c(G, τ1).
(c) in(G, τ1) · in(G, τ2)= c(G, τ1) · c(G, τ2)= d(G, τ1) · d(G, τ2)= |G|.
(d) (G, τ1) and (G, τ2) are non-precompact.
(e) |C(G,τ1)| in(G, τ2); in particular, (G, τ1) is totally disconnected if in(G, τ2) < c and in(G, τ2) = |G| if (G, τ1)
is connected.
Proof. (a) According to Theorem 2.2, in(G, τ1) < |G| yields Δ(G,τ2) < |G|. Then G has a τ2-open subgroup H of
size less than |G|. Consequently, [G :H ] = |G| and this yields d(G, τ2) = c(G, τ2) = |G| and in(G, τ2) = |G|.
(b) The inequality c(G, τ2) in(G, τ2) follows from [26, Proposition 3.3 (b)]. Then one applies Theorem 2.2.
(d) The fact that (G, τ2) is not precompact follows directly from (1). Replacing in (1) τ1 by τ2 and vice versa, one
obtains the same assertion about (G, τ1).
The remaining items (c) and (e) are obvious or follow from (a), (b), and the fact that the equality Δ(H) = |H |
holds for every connected topological group H . 
2.2. Weak commutativity and weak ω-boundedness
Following the current group-theoretic notation we denote by ax the conjugate x−1ax of an element a ∈ G and,
accordingly, Ux will denote the set x−1Ux for a given U ⊆G. Consider the following condition on a group G:
Definition 2.5. An infinite group G is said to be weakly abelian if for every countable set U ⊆ G, there exists a finite
set F ⊆G such that ⋂x∈F Ux ⊆ Z(G).
Obviously, a countable group G is weakly abelian if and only if G is abelian. For the sake of having a more precise
measure of this property of G we give the following:
Definition 2.6. Let G be an infinite group.
(a) For an infinite cardinal λ we say that G is λ-abelian if for every U ⊆ G with |U |  λ, there exists a finite set
F ⊆G such that ⋂x∈F Ux ⊆ Z(G).
(b) If G is weakly abelian and non-abelian, let α(G) = min{λ: G is not λ-abelian}.
The weakly abelian groups are clearly ω-abelian, while abelian groups are λ-abelian for every cardinal λ. It is also
clear that ω  α(G)  |G| for every weakly abelian group G that is not abelian. For the sake of completeness let
α(G) = |G|+ when G is abelian.
Clearly, if G is non-abelian, α(G) λ for a cardinal λ ω means that there exists a subset U ⊆ G with |U | λ
such that
⋂
x∈F Ux ⊆ Z(G), for every finite set F ⊆G.
Lemma 2.7. If α(G) >Δ(G) for a topological group G, then Z(G) is open in G.
Proof. We can assume without loss of generality that G is a non-discrete non-abelian group. Then G has an open
infinite neighborhood U of the identity e of size Δ(G). By our hypothesis, α(G) > Δ(G), so we can find a finite set
F ⊆ G such that V =⋂x∈F Ux ⊆ Z(G). Thus, V is an open neighborhood of e and V ⊆ Z(G). In particular, the
group Z(G) is open in G. 
Lemma 2.8. α(G×H) = min{α(G),α(H)}. In particular, if G and H are weakly abelian, so is G×H .
Proof. Let κ = min{α(G),α(H)}. Since for every infinite cardinal λ the group G ×H is λ-abelian if and only if G
and H are λ-abelian, we conclude that G × H is λ-abelian for every infinite λ  κ . This proves α(G × H)  κ . If
α(G×H) were strictly larger than κ , then G×H would be κ-abelian, while at least one of the groups G,H is not,
a contradiction. 
3342 D. Dikranjan et al. / Topology and its Applications 153 (2006) 3338–3354Let κ be an infinite cardinal. We recall that a topological group G is κ-bounded if every subset of G of size  κ is
contained in a compact subgroup of G. Now we consider a property weaker than κ-boundedness, that is also weaker
than being weakly abelian for groups with compact center (cf. Remark 2.11).
Definition 2.9. A topological group G is weakly κ-bounded if for every set U ⊆G of size  κ , there exists a finite set
F ⊆G such that ⋂x∈F Ux is contained in some compact subgroup K of G.
When the compact subgroup K does not depend on U , we will say that G is weakly κ-bounded in a strong way
(with respect to the compact subgroup K).
Obviously, every κ-bounded group is also weakly κ-bounded, while for abelian groups these two notions coincide.
Since ω-bounded groups are precompact, this makes the property just defined inappropriate in the study of transversal-
ity in the abelian case. Nevertheless, weak κ-boundedness is much weaker than κ-boundedness in the non-abelian case
(see Example 4.4 for a nilpotent weakly ω-bounded locally compact group that is not compact nor even precompact).
As we have done before, we can introduce the degree of weak κ-boundedness of a non-compact group G as follows:
wb(G) = min{κ: G is not weakly κ-bounded}. It is natural to put wb(G) = |G|+ when G is compact.
The proof of the next lemma is analogous to that of Lemma 2.8 so we omit it.
Lemma 2.10. For every infinite cardinal λ, G×H is weakly λ-bounded if and only if G and H are weakly λ-bounded.
Consequently, wb(G×H)= min{wb(G),wb(H)}.
Remark 2.11. Let G be a topological group. Let us consider when it is possible to connect the cardinal invariants
α(G) and wb(G).
(a) If Z(G) is compact, then α(G) wb(G). Indeed, it suffices to note that if G is weakly λ-abelian, then it is also
weakly λ-bounded. (However, this implication cannot be inverted; an example of a weakly ω-bounded group with
compact center that is not weakly abelian is given in Example 4.4.)
(b) Now suppose that Z(G) is discrete. If G is weakly ω-bounded, then Z(G) is finite. On the other hand, (a) yields
that if Z(G) is finite and G is weakly abelian, then weakly ω-bounded.
For a topological group G and every g ∈ G, let cG(g) = {x ∈ G: xg = gx} be the centralizer of g in G. Clearly,
cG(g) is a closed subgroup of G for each g ∈G. Consider the following condition on G:
(NC) For no g ∈G \Z(G), the subgroup cG(x) of G is open.
Lemma 2.12. Every topological group having the Baire property and satisfying (NC) is weakly abelian.
Proof. Let G be a topological group having the Baire property and satisfying (NC) and let U ⊆ G be countable. For
every a, b ∈U , put
F(a, b) = {x ∈ G: x−1ax = b}.
If x0 is an arbitrary element of F(a, b), then F(a, b) = cG(a) · x0, i.e., F(a, b) is a right coset of cG(a) in G.
Since U is countable, we can find a countable subset X of G such that, for all a, b ∈ U , F(a, b) = ∅ if and only if
F(a, b)∩X = ∅. The set
P =
⋃{
cG(a) · x: a ∈U \Z(G), x ∈X
}
is a countable union of closed nowhere dense sets in G. Indeed, if cG(g) had a non-empty interior in G, then it would
be open, thus contradicting (NC). Since G has the Baire property, G = P . Therefore, we can pick a point g ∈ G \ P .
Let us verify that U ∩ (gUg−1) ⊆ Z(G). Suppose to the contrary that there exists an element a ∈ (U ∩ (gUg−1)) \
Z(G). This implies that a ∈ U \Z(G) and b = g−1ag ∈U , whence g ∈ F(a, b) = ∅. By our choice of X, there exists
x ∈ X ∩ F(a, b), and we have
g ∈ cG(a) · g = F(a, b) = cG(a) · x ⊆ P.
So, g ∈ P , which contradicts the fact that g ∈G \ P . 
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Since every locally compact group has the Baire property and since every connected group satisfies (NC), the above
lemma implies the following useful fact:
Proposition 2.13. Every connected locally compact group is weakly abelian.
We show in Example 4.2(b) that connectedness cannot be removed in the above proposition. One may ask what is
the role of connectedness in the case of compact group G. Now the condition (NC) becomes: all non-trivial conjugacy
classes are infinite. Since in the proof of Lemma 2.12 the property (NC) is used only for the elements of the countable
set U , this shows that a compact group G is weakly abelian if and only if every countable normal subgroup of G
is central. That compact connected groups have this property follows immediately from the following well-known
fact due to K.-H. Hofmann [12]: every totally disconnected normal subgroup of a connected compact group is central
(actually, this proves that α(G)  c for every compact connected group G). However, there are plenty of totally
disconnected compact groups with a non-central finite normal subgroup (take the semidirect product G = J2  Z(3),
where J2 is the group of 2-adic integers acting on Z(3) as follows: for x ∈ J2 and x ∈ Z(3), xξ = x if ξ ∈ 2J2,
otherwise xξ = −x). All such groups are not weakly abelian.
Remark 2.14. Let us discuss now the relation between several conditions on groups introduced above. Obviously,
α(G)  λ implies that every non-central subset of G stable under conjugation must have size  λ. It is also clear
that the size of the conjugacy class Ca of every element a ∈ G coincides with the index [G : cG(a)] of its centralizer
cG(a). Therefore, every weakly abelian group G has the following property:
(UI) All non-central elements of G have centralizers of uncountable index in G.
It is not clear whether (UI) implies the following condition, replacing (NC) and the Baire category theorem in the
proof of Lemma 2.12:
(C) G cannot be the union of countably many cosets x · cG(a), where x ∈G, a ∈ G \Z(G).
Arguing as in that proof, we conclude that condition (C) implies weakly abelian. Hence, (C) ⇒ weakly abelian ⇒
(UI).
Finally, (UI) ⇒ (NC) for ω-narrow groups, as no open subgroup of an ω-narrow group may have uncountable
index. So, weakly abelian implies (NC) for ω-narrow groups. Therefore, weakly abelian = (NC) for ω-narrow groups
with the Baire property.
In general, (NC) does not imply “weakly abelian”. The group Sω(N) of all permutations of N with finite supports
strongly fails to have (NC) (as all centralizers are open) and it fails to be weakly abelian being countable non-abelian;
but it is not a Baire space since it is countable. The infinite symmetric group S(N) is Raı˘kov complete and metrizable,
hence has the Baire property. It obviously fails to be weakly abelian having a trivial center and a countable normal
subgroup, namely, Sω(N). Thus S(N) fails to satisfy (NC) as well, as the centralizers of the elements of finite support
are open. Example 4.2 shows that these two properties do not coincide, even for locally compact groups.
2.3. The impact of weak commutativity and weak ω-boundedness on transversality
It was proved in [7, Corollary 3.6] that if Z(G) ∈ Trans or Z(G) is infinite discrete, then G ∈ Trans. In other
words, having an infinite central subgroup that is either discrete or admits a transversal group topology is a sufficient
condition for the existence of a transversal group topology of the whole group G. Our attention will be directed in the
opposite direction. Namely, we will consider the question of when the existence of a transversal group topology on the
whole group G implies that: (a) Z(G) is infinite; (b) Z(G) is either discrete or admits a transversal group topology.
We shall shortly refer to this general problem as the central subgroup paradigm. Accordingly, we say that G satisfies
the central subgroup paradigm, briefly, G ∈ CSP if
G ∈ Trans ⇒ Z(G) ∈ Trans or Z(G) is infinite discrete
3344 D. Dikranjan et al. / Topology and its Applications 153 (2006) 3338–3354It follows from the definition that G ∈ CSP for each G /∈ Trans. Notice also that G /∈ CSP precisely when G ∈
Trans,Z(G) /∈ Trans and Z(G) is not infinite discrete. We shall see below that in general CSP fails even for Lie
groups (see Example 4.2), but under some very natural hypothesis on G it holds true, so becomes a very nice criterion
(i.e., necessary and sufficient condition) for G ∈ Trans. The motivation for this reduction is obvious: it reduces the
problem of the existence of a transversal group topology to the case of abelian groups (this aim was pursued to large
extent in the predecessor [7] of this paper).
For weakly ω-bounded groups CSP simplifies as follows.
Lemma 2.15. Let G be a weakly ω-bounded group. Then G ∈ CSP if and only if G ∈ Trans ⇒Z(G) ∈ Trans.
Proof. Indeed, it suffices to recall that Z(G) cannot be infinite discrete by Remark 2.11. 
Theorem 2.16. If G is an α(G)-totally bounded topological group (in particular, if α(G) > in(G)), then G satisfies
CSP.
Proof. Suppose that the group G = (G, τ1) admits a transversal group topology τ2. By the definition, the topology
τ2 is non-discrete. Theorem 2.3 implies that Δ(G,τ2) < α(G). Hence, Lemma 2.7 implies that the group Z(G) is
open in (G, τ2). It follows that the restriction of τ2 to Z(G) is non-discrete and, in particular, Z(G) is infinite. If the
restriction of τ1 to Z(G) is discrete, we are done. Otherwise the restrictions τ1Z(G) and τ2Z(G) are (non-discrete)
transversal group topologies. This proves that Z(G) ∈ Trans. Hence, G satisfies CSP. 
Since every abelian group G has α(G) = |G|+, while always in(G)  |G|, the hypothesis of Theorem 2.16 is
vacuously satisfied for every abelian topological group G (this is not surprising since they obviously satisfy CSP as
well).
Corollary 2.17. Let G be a weakly abelian ω-narrow topological group. Then G satisfies CSP.
Remark 2.18.
(a) We shall see in Theorem 4.1 that many matrix groups G satisfy α(G) = |G|.
(b) None of the conditions “ω-bounded” or “weakly abelian” can be omitted in the above corollary, even for locally
compact groups (see Example 4.2).
(c) The implication α(G) > in(G) ⇒G ∈ CSP in Corollary 2.16 cannot be inverted. Analogously, for an ω-narrow
group G, weak abelianity in Corollary 2.17 is a sufficient but not a necessary condition for G ∈ CSP. Indeed,
Example 4.4 gives an ω-narrow (minimal, locally compact) group G /∈ Trans with infinite compact center (so,
Z(G) /∈ Trans and G ∈ CSP) that is not weakly abelian.
Replacing the invariant α(G) in Theorem 2.16 by wb(G), we obtain the following general result about non-
transversality:
Proposition 2.19. If wb(G) > in(G) for a topological group G, then G /∈ Trans.
Proof. Let λ = in(G), then G is weakly λ-bounded and λ-narrow. Suppose for a contradiction that the group G =
(G, τ1) admits a transversal group topology τ2. Theorem 2.2 implies that Δ(G,τ2) in(G, τ1) λ. Thus there exists
a τ2-neighborhood U of the identity e in G of size  λ. Since G is weakly λ-bounded, we can find a finite set F ⊆G
and a compact subgroup C of G such that
⋂
x∈F Ux ⊆ C. Hence, the restriction of τ2 to C is non-discrete. The
restriction of τ1 to C is compact and C is infinite. Hence it is not discrete. Therefore, the restrictions τ1C and τ2C
are non-discrete transversal group topologies, a contradiction.
In particular Proposition 2.19 shows that the topological groups G with wb(G) > in(G) trivially satisfy CSP. In
the countable case we get:
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One can show that for locally compact ω-narrow groups, the implication
G is weakly ω-bounded ⇒ G /∈ Trans
cannot be inverted (see Remark 4.8).
3. Locally compact groups
Our aim here is to apply the results obtained in Section 2 to locally compact groups.
Corollary 3.1. If G is a locally compact group admitting a LC transversal group topology, then in(G)  c and,
consequently, |G/C(G)| c.
Proof. Indeed, every transversal LC group topology T to the given topology of G is non-discrete (by the definition
of transversality), so any non-empty open subset of (G,T ) has size at least c. Therefore, Theorem 2.2 implies that
in(G) c.
To prove the last statement of the corollary it suffices to note that in(C(G))  ω since C(G) is σ -compact as a
connected locally compact group. Therefore, (b) of Assertion 2.1 implies that in(G) |G/C(G)| and, consequently,
c |G/C(G)|. 
Clearly, in(G) c implies that the group G cannot be connected or separable (indeed, the Souslin number of G is
at least c). This allows for an easy partial (negative) answer to [29, Question 3.3]: “no locally compact group that is
either connected or separable can have a LC transversal group topology”. Let us put it in a somewhat more precise
form:
Corollary 3.2. If G is a locally compact group with a non-discrete locally compact transversal group topology, then
|G/C(G)| c and c(G) c. In particular, G is not connected nor separable.
Here we discuss the problem of characterization of the locally compact transversable groups in the general case.
Motivated by Corollary 3.2 we obtain a solution in the case of connected groups. The general case remains open
(cf. Question 6.2).
3.1. Locally compact connected groups and Lie groups
It follows from [7, Theorem 5.15], that the connected component of the center, C(Z(G)), of a locally compact
group G /∈ Trans must be compact. Here we apply Theorem 2.16 to give some further results in the case of connected
locally compact groups.
Proposition 3.3. If a locally group G having the property (NC) is ω-narrow, then G satisfies CSP.
Proof. Since G has the Baire property as every locally compact group, Lemma 2.12 implies that G is weakly abelian.
Now it suffices to apply Corollary 2.17. 
Note that for an ω-narrow locally compact group G weak abelianity and (NC) are equivalent, according to Re-
mark 2.14. Notice also that locally compact ω-narrow groups are σ -compact.
Theorem 3.4. Every locally compact, connected topological group satisfies CSP.
Proof. Since every connected group satisfies (NC), it suffices to apply Proposition 3.3, as every locally compact
connected topological group is σ -compact and, hence, ω-narrow. 
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Corollary 3.5. A locally compact, connected topological group with compact center does not admit a transversal
group topology.
According to Example 4.2 one cannot remove “connected” in the above corollary.
Corollary 3.6. Every locally compact connected minimal group G is not transversable.
Proof. The center Z(G) of G is minimal [5], hence precompact (see [16] or [6]) and, consequently, compact and
non-transversable. Now Corollary 3.5 applies. 
Remark 3.7. In the last corollary, the role of connectedness is somewhat restricted. All we really need is the (non-
commutativity) property (NC) that is trivially true when the group is connected. So we believe “connected” can be
removed here, if not completely, at least replaced by a weaker non-commutativity condition that goes closer to (NC)
(see Remark 2.18). However, one should be careful, since the assumption “locally compact connected”, implying
ω-narrow, cannot be replaced by “locally compact ω-narrow” as Example 4.2 shows.
Corollary 3.8. The matrix group G over R formed by all matrices of the form ( a b0 1 ) with a > 0 does not admit a
transversal group topology.
Proof. The group G satisfies the conditions of Corollary 3.5. 
The above corollary follows also from the more general result given in Theorem 4.1.
Corollary 3.9. A connected Lie group G is not transversable if and only if Z(G) is compact.
Proof. By Theorem 3.4 and [7, Corollary 3.5], G ∈ Trans if and only if Z(G) is either infinite discrete or
transversable. Hence, G is not transversable if and only if Z(G) is either finite or a non-discrete non-transversable
group. It suffices to consider the second possibility. Since Z(G) is an abelian Lie group, we have Z(G) = Rn ×
Tm×D, where D is a discrete abelian group. By [7, Corollary 3.9], we conclude that n= 0. Note that Tm×D ∈ Trans
if D is infinite (again, we apply [7, Corollary 3.9]). Hence, D is finite and, consequently, Z(G) is compact. 
We show in Example 4.2 that there exist non-connected transversable Lie groups with compact center.
4. Matrix groups and minimal groups
For n > 1, the Lie group G = SLn(R) is connected and has finite center, so G /∈ Trans by Theorem 3.5. Actually,
the following general result can be proved (the reader may consider the special case of a separable uncountable field):
Theorem 4.1. Let K be a |K|-totally bounded uncountable topological field. Consider:
(1) the matrix group G over K , formed by all matrices of the form ( a b0 1 ), where 0 = a ∈K and b ∈ K ; or(2) the group G= SLn(K), where n > 1.
In both cases, α(G) = |K|, so G is not transversable.
Proof. For brevity, let κ = |G| = |K|. Note that κ > ω, as no topological field is precompact (= ω-totally bounded).
Since in both cases the group G is κ-totally bounded and the center of G is finite, in order to apply Theorem 2.16 it
suffices to show that α(G) = κ .
(1) Let K∗ denote the multiplicative group of all non-zero elements of K . It may be helpful to note that G is a
semidirect product G ∼=K∗ K of its subgroup of all diagonal matrices and the (normal) subgroup N of all matrices
with a = 1, with respect to the action by conjugation.
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the subfield of K generated by all entries of the matrices from U . Then E also has size < κ . So we can choose an
element r /∈ E of K . Let
x =
(
1 r
0 1
)
and z =
(
r−1 0
0 1
)
.
Now consider an element
(
u′ v′
0 1
)
of the intersection U ∩Ux . Then there exists ( u v0 1 ) ∈U such that(
u′ v′
0 1
)
= x−1
(
u v
0 1
)
x =
(
1 −r
0 1
)(
u v
0 1
)(
1 r
0 1
)
=
(
u (u− 1)r + v
0 1
)
.
This yields u′ = u and (u− 1)r + v = v′. Now u = 1 would imply r ∈ K , a contradiction. Therefore, u′ = u = 1 and
v′ = v. In particular, the intersection U ∩ Ux is contained in the subgroup N . Let us see now that the intersection
(U ∩Ux)z ∩U is trivial. Indeed, assume that z−1wz ∈U for some
w =
(
1 v
0 1
)
∈ U ∩Ux.
Then v ∈K and(
r 0
0 1
)(
1 v
0 1
)(
r−1 0
0 1
)
=
(
1 rv
0 1
)
∈U.
This yields rv ∈ E. Since v ∈ E and r /∈ E, this is possible only with v = 0. Hence, w = 1 and (U ∩ Ux)z ∩ U =
U ∩Uz ∩Uxz = {1}. This verifies α(G) = κ .
(2) A similar proof shows that α(G) = κ for G = SL2(K). Indeed, with U as above and any u= (ust ) ∈U , consider
the conjugation with a similarly chosen x. Now the condition ux ∈U gives
x−1
(
u11 u12
u21 u22
)
x =
(
u11 − ru21 ru11 − r2u21 + u12 − ru22
u21 u22 + ru21
)
∈ U.
This immediately yields u21 = 0 and u11 = u22 = ±1. Next conjugate with
z =
(
r−1 0
0 r
)
to conclude as above that U ∩Uz ∩Uxz ⊆ Z(G).
In the general case SLn(K) fix arbitrarily 1 i < j  n and take the matrix x = (xi,j ) defined as follows:
xst = 0 for s = t with unique exception xij = r ,
xss = 1 for all 1 s  n,
where r is chosen as before.
Now, for any u = (ust ) ∈ U , the condition ux ∈ U yields, as above, uii = ujj and uji = 0. Varying 1 i < j  n
we conclude that all diagonal elements must coincide and all elements below the diagonal vanish. To see that the
elements above the diagonal vanish as well, choose z with similar modification with respect to the case (1). 
Example 4.2. (a) Take G = T × SL2(R), where the second summand has the discrete topology. Then Z(G) = T ×
Z(SL2(R)) is compact. Nevertheless, the group G admits a transversal locally compact topology (just make T discrete
and endow SL2(R) with its natural locally compact topology). Now the centralizer of any element contains the center
and consequently, it is open. This means that (NC) strongly fails. On the other hand, G is weakly abelian by Lemma 2.8
and Theorem 4.1. This example shows also that the ω-narrowness is essential (since it is the only missing hypothesis,
being G locally compact and weakly abelian), as the group G has a (locally compact) transversal topology, while
Z(G) is compact. This examples shows also that connectedness is an essential restraint in Theorem 3.4.
(b) Let K be a subfield of R and let G = T × SL2(K), where the second summand has the discrete topology. If
K is uncountable (in particular, K = R), the group G has the same properties as those in (a). If K is countable (e.g.
K = Q), the group G is σ -compact, in particular, ω-narrow. Nevertheless, the conclusion of Corollary 2.20 fails (as
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and “weakly abelian” even when the group in question is a Lie group.
Remark 4.3. Similar argument shows that many linear groups G are weakly abelian and even have α(G) = |G|. In
particular, this applies to G = GLn(K) whenever K is uncountable. To get an example beyond those we saw in the
previous theorem take the semidirect product G = GLn(R) Rn, where GLn(R) acts on Rn in the standard way. This
group can be written as a matrix group of order 2n considering the elements of G as cellular matrices of the form( A Dn
0n In
)
, where In is the n × n identity matrix, 0n is the n × n zero matrix, A ∈ GLn(R) and Dn is a diagonal n × n
matrix). Of course, any other uncountable field K as in Theorem 4.1 works, as before, in place of R. On the other
hand, the subgroup
(
1 Q R
0 1 R
0 0 1
)
of GL3(R) is not even weakly abelian (for an idea of the proof see Example 4.4(c) where
a similar situation arises).
(b) The group G of item (a) of the theorem satisfies (NC), but need not be locally compact. So (NC) may imply
weak abelianity without local compactness.
Example 4.4. Here we give an example of a non-connected ω-narrow minimal Lie group G /∈ Trans with infinite com-
pact center (so, Z(G) /∈ Trans). The group in question is the generalized Heisenberg’s group defined by Megrelishvili
[14] as follows:
G =
(1 Z T
0 1 T
0 0 1
)
,
where multiplication is defined by the usual row-by-column rule (with nx having the usual meaning for n ∈ Z and
x ∈ T). Its minimality was established by Megrelishvili [14]. Let
N =
(1 0 T
0 1 T
0 0 1
)
and Z =
(1 0 T
0 1 0
0 0 1
)
.
(a) Z = Z(G) coincides also with the derived subgroup of G, so that G is nilpotent and N is a clopen normal
subgroup of G topologically isomorphic to T2 (hence N is compact).
(b) The group G is separable, hence ω-narrow.
(c) Since N coincides with the centralizer of any non-torsion element of the form
a =
(1 0 0
0 1 x
0 0 1
)
of G, we immediately see that G does not satisfy (NC). Since D has the Baire property, this follows also from (d)
and Lemma 2.12.
(d) Since for a as in (c) N = cG(a) has countable index (i.e. the conjugacy class of a is countable), G is not weakly
abelian (see Remark 2.14).
The group G is not weakly abelian (by (d)), nevertheless, according to Corollary 2.20 the group G /∈ Trans as G is
weakly ω-bounded. This fact will be established in a greater generality in Theorem 4.5.
This construction is extended in [14] the groups of the form
GK =
(1 X T
0 1 K
0 0 1
)
,
where K is an infinite compact abelian group and X is its discrete Pontryagin dual (now for χ ∈ X and a ∈ K the
“product” χ · a has value χ(a) ∈ T). Now GK may fail to be weakly ω-bounded, as the next theorem shows.
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(a) the group GK is weakly ω-bounded;
(b) the group GK is weakly κ-bounded in a strong way for every κ < c;
(c) the connected component c(K) of K is open in K .
Proof. (a) → (c) Assume for a contradiction that c(K) is not open in K . Since K is compact, this yields that the
index [K : c(K)] is infinite. Therefore the annihilator of c(K) in X is an infinite subgroup. Since this annihilator is
precisely the torsion subgroup t (X) of X [12], we can find a torsion countably infinite subgroup T of X. Since T is
contained in the annihilator of c(K), the subgroup
U =
(1 T Q/Z
0 1 0
0 0 1
)
of GX is a countable normal subgroup of GK . Its closure U in GK fails to be compact, as it contains an infinite
discrete subgroup of GK , namely,
(
1 T 0
0 1 0
0 0 1
)
. So GK is not weakly ω-bounded.
(c) → (b) Fix an infinite cardinal κ < c. Out hypothesis implies that the index [K : c(K)] is finite. Hence the
annihilator t (X) of c(K) is a finite subgroup of X. Then X = t (X)⊕X1, where X1 ∼=X/t(X) is torsion-free. Let
NK =
(1 t (X) T
0 1 K
0 0 1
)
.
Then NK is a compact open subgroup of GK . We shall show that GK is weakly κ-bounded in a strong way w.r.t. NK .
For every subgroup Y  X1 with |Y |  κ , every subgroup L  K with |L|  κ and every subgroup Q/Z  H  T
with |H | κ and containing χ(l) for all χ ∈ Y and l ∈ L, the subgroup
UY,H,L =
(1 t (X)⊕ Y H
0 1 L
0 0 1
)
has size  κ and every subset of GX of size  κ is contained in such a subgroup. (To see that UY,H,L is a subgroup
of G we use the fact that ξ(x) ∈ Q/ZH for every ξ ∈ t (X) and every x ∈K , as t (X) consists of torsion characters
of K .) Since Y is torsion-free and |Y |.|H | κ , we can find x ∈ K such that the subgroup Bx = {χ(x): χ ∈ Y } of T
trivially meets H . Then with
g =
(1 0 0
0 1 x
0 0 1
)
∈ GX
we shall prove that UY,H,L ∩UgY,H,L ⊆NK (so GX is weakly κ-bounded in a strong way with respect to NK ). Indeed,
let
u=
(1 ξ + χ h
0 1 l
0 0 1
)
∈UY,H,L,
where ξ ∈ t (X), χ ∈ Y , l ∈ L and h ∈ H . The condition ug ∈ UY,H,L implies ξ(x)+ χ(x) ∈ H . Since ξ(x) ∈ Q/Z
H , we conclude that χ(x) ∈ H . By the choice of x this yields χ = 0. Hence, u ∈ NK . This proves the inclusion
UY,H,L ∩UgY,H,L ⊆NK .
(b) → (a) is trivial. 
According to the above theorem, wb(GK)= c for every compact abelian group K with open connected component
c(K). On the other hand, it is easy to see that in(GK) = w(K) = |X| (in particular, GK is ω-narrow precisely when
X is countable, i.e., when K is metrizable). Now, applying the above theorem and Proposition 2.19 we immediately
obtain the following corollary providing other cases when GK /∈ Trans holds:
Corollary 4.6. GK /∈ Trans for every compact abelian group K with open connected component and w(K) < c.
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Indeed, it easily follows from the known facts on monothetic groups [12], that every compact abelian group K with
open connected component and w(K) c is topologically finitely generated (actually, K is a direct product of a finite
abelian group with a connected monothetic group).
Theorem 4.7. GK /∈ Trans when K is topologically finitely generated (in particular, monothetic).
Proof. Assume for a contradiction that GK ∈ Trans and let T be a transversal topology for GK . The group K is
topologically finitely generated, i.e., contains a dense homomorphic image of the discrete group Zn. Hence the discrete
group X embeds in the discrete group Tn. Pontryagin’s duality allows us to consider K as the dual group of X. Hence
there exists elements ξ1, . . . , ξn ∈ K such that the diagonal homomorphism Δiξi :X → Tn is a monomorphism, i.e.,⋂
i ker ξi = 0. For i = 1, . . . , n let
gi =
(1 0 0
0 1 ξi
0 0 1
)
.
Consider the compact subgroup
NK =
(1 0 T
0 1 K
0 0 1
)
of GK . By the compactness of NK , the restriction of T to NK is the discrete topology of NK . Hence, there exists a
symmetric W0 ∈ T such that
W0 ∩NK = {e}. (∗)
For i = 1, . . . , n pick a symmetric e ∈Wi ∈ T such that Wi ·Wgii ⊆W0. For every w ∈Wi one can compute
w−1wgi =
(1 0 ξi(a)
0 1 0
0 0 1
)
∈ NK, where w =
(1 a b
0 1 c
0 0 1
)
.
Since w−1wgi ∈W0 also holds true by the choice of Wi , we conclude that w−1wgi = e by (∗). Hence ξi(a)= 0. This
proves that
Wi 
(1 ker ξi T
0 1 K
0 0 1
)
,
hence
W =
⋂
i
Wi 
(1 0 T
0 1 K
0 0 1
)
=NK
by our choice of ξi . Since W ∈ T , we conclude, along with (∗), that T is the discrete topology. 
Remark 4.8. (a) So far we have no example of a compact group K such that GK ∈ Trans. A good candidate can be
the group K =∏n Z(pn), where p is a prime.
(b) This series of examples extends also to products of groups of the form GK (the products remain minimal
by [14], on the other hand, the products remain also non-transversable, according to [7, Proposition 3.10]).
(c) According to Theorem 4.5, GK is not weakly ω-bounded, when K is totally disconnected. Moreover, if K is
also topologically finitely generated, then it is metrizable separable. Hence GK is ω-narrow. This example shows that
weak ω-boundedness is not a necessary condition in Corollary 2.20.
Example 4.9. In the infinite symmetric group G = S(X), the usual topology of pointwise convergence on an infinite
discrete set X is the bottom element of the poset of all Hausdroff group topologies of G [9]. In particular, it is the
(only) minimal topology of G, so in particular G has no transversal group topology.
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groups of infinite-dimensional Hilbert spaces?
Remark 4.11.
(a) This is true for all minimal abelian groups since they are precompact by Prodanov–Stoyanov’s theorem. This also
follows from the simpler Prodanov’s result [15]: every minimal topology τ on an abelian group G is coarser than
MG. The latter property remains obviously true for the infinite symmetric groups G (see Example 4.9).
(b) According to a theorem of Stoyanov–Remus [17], a connected semisimple Lie group G is minimal if and only
if Z(G) is finite. Therefore, Corollary 3.9 implies a positive answer to Problem 4.10 in the case of semisimple
connected Lie groups. Moreover, this extends also the products of such groups (they remain minimal by [17], on
the other hand, they remain also non-transversable, according to [7, Proposition 3.10].
5. Transversality and free topological groups
We collect here several results which make use of the technique of free (topological) groups or are close in the
spirit to that. In particular, we present the first example of two transversal, connected, metrizable, isomorphic group
topologies (see Example 5.3). Our usual method of constructing transversal group topologies, i.e., declaring a central
subgroup of a group open (see [7, Corollary 3.6]) does the work in this situation.
Proposition 5.1. For every non-discrete Tychonoff space X, the free abelian topological group G= A(X) has at least
|G| distinct mutually transversal group topologies each of which is transversal to the topology of A(X).
Proof. For every x ∈ X, the infinite cyclic subgroup Cx = 〈x〉 of G is discrete, so [7, Corollary 3.6] applies to
produce a transversal group topology τx on G such that Cx is open in (G, τx) and non-discrete. As Cx ∩Cy = {0} for
any distinct x, y ∈ X, we conclude that τxτy for any distinct x, y ∈ X. In addition, as Cx is discrete, τx is transversal
to the topology of G for each x ∈ X. 
The next example shows, in particular, that if T1 and T2 are transversal Tychonoff topologies on a space X, then
the free group topologies of F(X,T1) and F(X,T2) need not be transversal.
Example 5.2. There exist two transversal connected topologies τ1 and τ2 on a set X of cardinality c with the following
property: if G is a group containing the set X and T1, T2 are group topologies on G with TiX = τi for i = 1,2, then T1
and T2 are not transversal. In particular, the topologies of the free groups F(X, τ1) and F(X, τ2) are not transversal.
The same applies, obviously, to the free abelian topological groups.
Indeed, let (X, τ1) be the closed unit interval [0,1] with its usual interval topology τ1. By [27, Corollary 2.14],
there exists a Tychonoff connected topology τ2 on X transversal to τ1. Suppose that G is a group containing the set
X and T1, T2 are transversal Hausdorff group topologies on G such that TiX = τi for i = 1,2. Pick a point x0 ∈ X
and let Y = x−10 X. Consider the subgroup H = 〈Y 〉 of G. Let t1 = T1H and t2 = T2H . Note that the subspace
Y ∼= (X, τ1) of the group (H, t1) is compact, while the subspace Y ∼= (X, τ2) of the group (H, t2) is connected, hence
t1 = T1H and t2 = T2H are non-discrete and consequently, transversal. Moreover, the group (H, t1) is σ -compact
and, hence, ω-narrow. Therefore, Δ(H, t2) ℵ0 by Theorem 2.2. In other words, the group H2 = (H, t2) contains a
countable neighborhood of the identity e, say, U . Taking the subgroup of H2 generated by U , we obtain a proper open
and closed subgroup of the group H2. However, the group H2 is generated by its connected subspace Y ∼= (X, τ2)
which contains e. Therefore, H2 has to be connected as well. This contradiction implies the required conclusion.
There is a simple method of constructing isomorphic transversal group topologies. Let G be a non-discrete topo-
logical group. Denote by Gd the same group G endowed with the discrete topology. Then, clearly, the identity
isomorphism of the groups G × Gd and Gd × G enables us to obtain two transversal isomorphic topologies on
the (algebraic) group G×G. No one of these topologies is connected. Neither [7, Corollary 3.6] helps to find a pair
of connected isomorphic group topologies. In Example 5.3, we construct such a pair of group topologies which are
additionally metrizable.
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topologies.
Since all Boolean groups of cardinality c are algebraically isomorphic, we can argue as follows. Let J be a hedge-
hog with c spines endowed with metric topology generated by the standard extension  of the usual metric on the unit
interval [0,1] which we denote by the same letter  (see [8, Example 4.1.5]). The hedgehog J is identified with the
quotient set ([0,1] × c)/F , where F = {0} × c, and the point F of J is denoted by 0¯. Every point of J distinct from 0¯
has the form (r,α) for some r ∈ (0,1] and α ∈ c, while the set Jα = (0,1]×{α} with α ∈ c is called the αth spine of J .
Let eα denote the end-point (1, α) of the spine Jα . Introduce the “second coordinate” S(x) for x ∈ J \{0¯} as the unique
δ ∈ c such that x ∈ Jδ . Analogously, define the “length” function λ :J → [0,1] by λ(r,α) = r , i.e., λ(x) = (x, 0¯) (so
that λ(x) and S(x) determine completely the point x). We recall that if x, y ∈ J \ {0¯}, then (x, y) = |λ(x) − λ(y)|
provided x, y belong to the same spine Jα , and (x, y) = λ(x)+ λ(y) otherwise. Clearly, this forces (x, 0¯) = λ(x),
so that obviously (x, y) = (x, 0¯)+ (0¯, y) if α = β . For every α ∈ c, the set Jα ∪ {0¯} is homeomorphic to the unit
closed interval [0,1], so the hedgehog J is connected.
Denote by A(J ) the free abelian topological group over the pointed space (J, 0¯) (see [10]). The point 0¯ is identified
with the neutral element of the group A(J ) and the set J algebraically generates A(J ). Since the subspace J ⊆ G is
connected, so is the group A(J ). The subgroup 2A(J ) is closed in A(J ), and the quotient group G = A(J )/2A(J )
is topologically isomorphic to the free Boolean group over the pointed space (J, 0¯). Clearly, G is also connected. We
identify the neutral element of G with the point 0¯ ∈ J . Every non-zero element g of G has a unique representation in
the form
g = x1 + · · · + xn, (∗)
where n 1 and x1, . . . , xn are distinct points of J \ {0¯}, with the finite subset {x1, . . . , xn} ∈ [J ]<ω . (This allows us
to identify G with the set [J ]<ω of all finite subsets of J .)
Let S(g) = max{S(xi): 1 i  n} for a non-zero g ∈ G as in (∗). Reorder the sum (∗) such that the sequence S(xi)
is decreasing, so that (obviously) S(g) = S(x1) hold true. Moreover, among all possible elements xi with S(xi) = S(g)
we choose x1 with least λ(x1). Call this representation canonical representation of g and the element x1 leading term
of the canonical representation.
Let ˆ be Graev’s extension of  to the maximal invariant metric on G [10]. (Strictly speaking, in [10], Graev
defines the maximal invariant extension dˆ of an arbitrary metric d on a set X over the abstract free abelian group
Aa(X) and shows that if X is a Tychonoff space and d is continuous on X, then dˆ is also continuous on the free
abelian topological group A(X) and generates a Hausdorff group topology on Aa(X). A direct verification shows that
Graev’s arguments remain valid in the case of the free Boolean group B(X) = A(X)/2A(X).) Since ˆ generates a
Hausdorff group topology τ1 on G weaker than the original topology of G, the group (G, τ1) is connected.
Let U = {g ∈G: ˆ(g, 0¯) < 1}. Then U ∈ τ1. Now we show that the leading term in the canonical representation of
the non-zero elements of U has a special property.
Claim 1. For g ∈ U , the leading term x1 in the sum (∗) satisfies λ(x1) < 1.
If λ(x1) < 1 we are done. Assume for a contradiction that λ(x1) = 1. Then S(xi) < S(x1) for all i > 1 by the
definition of leading term. Since λ(x1)= 1, this implies
(x1, xi) > 1 for all i > 1. (1)
By the definition of ˆ, one can interchange the summands in the sum g = x1 + · · · + xn in such a way that
g = x1 + · · · + xn ≡ z1 + · · · + zm + (t1 + t2)+ · · · + (t2r−1 + t2r ) (2)
and
ˆ(g, 0¯) =
m∑
i=1
(zi, 0¯)+
r∑
i=1
(t2i−1, t2i ) < 1, (3)
where n = m+ 2r . In other words, the inequality ˆ(g, 0¯) < 1 holds because some of xi ’s are close to 0¯ while the rest
of xi ’s can be partitioned into pairs of close elements. Since, (1) implies that no other point xi belongs to the same
spine, x1 = zj for some j and consequently ˆ(g, 0¯) 1, a contradiction. This proves our claim.
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on G be transversal. We define a special bijection f of J with f (0¯) = 0¯ and f 2 = idJ . Then we extend f to a
discontinuous automorphism ϕ of the abstract group G that satisfies also ϕ ◦ ϕ = idG. Then we show that
U ∩ ϕ(U) = {0}, (4)
which proves that the Hausdorff group topologies τ1 and τ2 are transversal. From our construction it follows that the
topologies τ1 and τ2 are isomorphic, connected and metrizable.
Therefore, we are left with the building of the involution
f :J ∗ → J ∗ (5)
on the “pointed” space J ∗ = J \ 0¯. To this end consider the partition of J \ {0¯} = B∗ ∪E, where E = {eν : ν < c} is
“the unit sphere” and B∗ := {x ∈ J : 0 < λ(x) < 1} = J ∗ ∩B is obtained from the open “unit ball” in J with center 0¯,
radius 1 by removing the center. The idea is: f “pushes” all internal points (i.e., those of B∗) out if B∗, i.e., into E.
This will suffice to have B∗ ∩ f (U∗) = ∅, but more care should be taken to ensure that (4) still remains true for the
extension ϕ of f .
Define first a bijection f :B∗ →E \ {e0, e1} such that
S
(
f (x)
)
> S(x) for every x ∈ B∗. (6)
Then we extend it to a bijection of {e0} ∪ B∗ onto E \ {e0} by simply putting f (e0) = e1. Taking the inverse
bijection f−1 between E \ {e0} and {e0} ∪ B∗ we obtain the desired involution (5) satisfying (6). From Claim 1 and
(6) we immediately obtain
S(g) < S
(
ϕ(g)
) (7)
for every g ∈ U . As S(g) = S(ϕ(ϕ(g))) < S(ϕ(g)), (7) fails for ϕ(g). Hence ϕ(g) /∈U for every non-zero g ∈ U , i.e.,
(4) holds.
To carry out this plan we are left with the proof of the following
Claim 2. There exists a bijection f :B∗ → E \ {e0, e1} satisfying (6).
Consider a one-to-one enumeration {xν : 1 < ν < c} of B∗ such that
(†) S(f (xν)) < ν whenever 1 < ν < c.
We put now f (xν) = eν for 1 < ν < c. This defines the desired bijection between B∗ and E \ {e0, e2} (as (†) takes
care of (6)). 
6. Open problems
By [7, Proposition 3.11], for G = K × H , where K is a compact group, G ∈ Trans implies H ∼= G/K ∈ Trans.
This motivates the following:
Question 6.1. Let G be a topological group and K a compact normal subgroup of G. Does G ∈ Trans imply G/K ∈
Trans?
The answer is “yes” for LCA groups (argue as in the proof of the implication (d) ⇒ (c) of [7, Corollary 6.7]). On
the other hand, Example 5.4 of [7] shows that in this situation G/K ∈ Trans does not imply G ∈ Trans, even when
G is LCA.
Problem 6.2. Characterize the locally compact groups that admit a transversal group topology. In particular, charac-
terize those of the form GK , where K is a compact abelian group (cf. Section 4).
Problem 6.3. Can local compactness in Theorem 3.4 be replaced by local pseudocompactness?
3354 D. Dikranjan et al. / Topology and its Applications 153 (2006) 3338–3354Question 6.4. Is it possible to completely remove the restriction on the weight w(K) in Corollary 4.6?
By removing the restriction on the weight w(K), we obtain a locally compact group GK with open connected
component and compact center (cf. Corollary 4.6). The specific features of the group GK should be taken in consid-
eration since there exists transversable locally compact groups with open connected component and compact center
(see Example 4.2).
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